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RANDOM DATA CAUCHY THEORY FOR THE FOURTH ORDER NONLINEAR 
SCHRODINGER EQUATION WITH CUBIC NONLINEARITY 


HIROYUKI HIRAYAMA AND MAMORU OKAMOTO 


Abstract. We consider the Cauchy problem for the fourth order nonlinear Schrodinger equation with 
derivative nonlinearity (iOt + A^)u = :kd{\u\‘^u) on d > 3, with random initial data, where 0 is a first 
order derivative with respect to the spatial variable, for example a linear combination of , ..., 
or |V| = We prove that almost sure local in time well-posedness, small data global in time 

well-posedness and scattering hold in with max(^i^, < s, whose lower bound is below 

the scale critical regularity . 


1. Introduction 


We consider the Cauchy problem for the fourth order nonlinear Schrodinger equation with derivative 
nonlinearity: 


{idt + A^)u = ±9(|upu), 
u(0,-) = (j). 


Here, it : R x —>■ C is an unknown function, (/) : —>■ C is a given function, 9 is a first order derivative 

with respect to the spatial variable, for example a linear combination of ..., or |V| = [ICI-^]• 

The fourth order Schrodinger equation appears in the study of deep water wave dynamics [7], solitary 
waves [IS], [m, vortex filaments |S], and so on. The fourth order Schrodinger equation are widely 
studied, for the results for derivative nonlinearity see m, i, m, US], nni, m. m and references 
cited therein. 

This equation has scale invariance. Namely, if u is a solution, then u^{t,x) := is also 

solution. A simple calculation shows 

l|u(o, Ollff.. 

Hence, the scale critical regularity is Sc '■= We may expect that the scale critical exponent is a 

threshold between regularity to be well-posed and ill-posed. According to expectation, the fourth order 
nonlinear Schrodinger equation (HID is well-posed in R 2 (R'^) if d > 2, see for example [12]. Of cause, 
it is not always true and there is also a possibility of presence of a gap between the scaling prediction 
and the optimal well-posedness regularities (see for example [3). 

Burq and Tzvetkov m, a however proved that the Cauchy problem for the cubic wave equation on 
the three dimensional compact Riemannian manifold M is almost surely well-posed in H^{M) with s > |: 
which is deterministically ill-posed in H^{M) if s < i. Recently, Benyi, Oh, and Pocovnicu [IJ|2] and 
Liihrmann and Mendelson m showed that the almost sure well-posedness for the Cauchy problem on 
unbounded domains R'^ in the super critical Sobolev spaces. Because of these results, we expect that the 
scale critical exponent is not the threshold in the random data Cauchy problem. We therefore consider 
the almost sure well-posedness of the Cauchy problem with the initial data in the super critical Sobolev 
spaces. 

Following the papers we define the randomization. Let t/j G 5(R‘^) satisfy 


suppV' C [-1,1]^, - n) = 1 for any ^ e R^. 
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Let {gn} be a sequence of independent mean zero complex valued random variables on a probability 
space (fi, P)-, where the real an imaginary parts of gn are independent and endowed with probability 
distributions and . Throughout this paper, we assume that there exists c > 0 such that 



for all K G K., n G j = 1,2. This condition is satisfied by the standard complex valued Gaussian 
random variables and the standard Bernoulli random variables. We then define the Wiener randomization 
of (j) by 

(1.2) := gn{uj)i}{D - n)(t>. 

rtGZ'^ 

The randomization has no smoothing in terms of differentiability ([3J Appendix B]). However, it 
improves the integrability (see for example Lemma 2.3 in [T]). From this point of view, the randomization 
makes the problem subcritical in some sense. 

Theorem 1.1. Let d > 3 and max(^^, < s < Given (j) G let (jP be its randomization 

defined by HU. Then, for almost all ui G Ll, there exist > 0 and a unique solution u to (ED with 
u{0,x) = (jPfx) in a space continuously embedded in 

S{tW + c C{{-T^,T^)-H^W^)). 

More precisely, there exist C, c > 0, 7 > 0 such that for each 0 < T < 1, there exists fir C LI with 
P(f^T)>l-C'exp(- 5 ^^). 

Since well-posedness in with s > Sc = holds in the deterministic setting, we concentrate 

in the case s < Theorem o says that almost sure local in time well-posedness for (HD- Namely, 
ED possesses local strong solutions for a large class of functions in iL®(K‘^) with s < 

Decomposing u into the linear and nonlinear parts, we estimate the contributions for each part to 
the nonlinearity. Thanks to the Strichartz estimates, the nonlinear part has more regularity than the 
initial data. More precisely, the nonlinear part belongs to ( 7 ((—TcdiTL); even it cj) G iL®(R) 

with s < . On the other hand, by the randomization, the improved Strichartz estimate holds for the 

linear part with randomized initial data (see Lemma [2.41 belowl. but it remains C'((—T^); iL®(]R‘^)). 
Next, we focus on the global behavior of the solution. 

Theorem 1.2. Let d > 3 and max(^^, < s < Given f G let (jP be its randomization 

defined by (HID- Then, there exist C,c > 0 and Ll^ C LI such that with the following properties: 

(a) P{Ll^) > 1 - Cexp ■ 

(b) For each lo G LI, there exists a (unique) global in time solution u to (11.11) with u{0,x) = (jP{x) 
in the class 

S{t)4P 

(c) For each uj G Ll,p, there exists vf. G H^~ (R'^) such that 

\\u{t)-s{t){r+vm^i^^o 

as t ^ ± 00 . 

The uniqueness holds in the space A® defined by below, which is a subspace continuously 
embedded in Sit)^^^ + C(R; (R^)) 

Theorem 11.21 says that the probabilistic small data global well-posedness and scattering because M\ 
is meaningful if 

Moreover, it follows from Theorem o that for almost all uj G LI, there exists e{uj) > 0 such that for 
every e G (0,e(w)), there exists a global in time solution u to (11.11) with u{0,x) = e(j)^[x) in a space 
continuously embedded in C{R; Ft^ (see Remark H?T]) . 
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Remark 1.3. The one and two dimensional cases are not included in Theorems o and 11.21 We believe 
that it is hard to prove the same results in d = 1,2 because of the following difficulties. The worst 
interaction, which is so called “resonance,” occurs, because we focus on the nonlinearity d(\u\'^u). Ac¬ 
cordingly, to recover derivative, we only rely on the Strichartz estimates. In other words, we can not 
expect some good structure of the nonlinearity. 

Since the randomization makes the integrability better, but the smoothness the same, from the ran¬ 
domized Strichartz estimate, it only recovers the one half derivative in d = 1 and one derivative in d > 2, 
which is the same as the deterministic case. To consider the nonlinear estimate, we can therefore recover 
at most one derivative in d = 1 and two derivatives in d > 2 even in the randomized case. It however does 
not enough to get almost sure well-posedness in id®(K) with s < 0 and with s < — ^ because of 

the presence of one derivative in front of the nonlinear part. Furthermore, the lower bound = Sc — 1 
for d > 5 is almost optimal from this point of view. 

From a scaling argument as in [2], we may consider the global well-posedness for large initial data in 
a large probability. Given fi > 0, define by 

Then, the following decomposition holds: for any function (f) on R.'^, 

We define the randomization of of (j) on dilated cubes of scale /x by 
(1.3) := ^ 

Then, we have the following global in time well-posedness of (ED for large initial data with a large 
probability. 

Theorem 1.4. Let d > 4 and (j) G for max(^^, < s < Then, for each 0 < £ <C 1, 

there exists a small dilation scale jiQ = ||^('||Lr«) > 0 such that for every /i S (0,/io), there exists a 

set Llfi C LI with the following properties: 

(a) PiLlf,) >l-s. 

(b) If is the randomization define in (11.31) . then for each uj G LI, there exists a (unique) global 

in time solution to ED with u{0,x) = in the class 

S{t)(j)‘^'^{x) + ^(M; (K'^)) C ^(M; id"(R'^)). 

(c) For each oj G Ll^, there exists G H^~ (R'^) such that 

\\u{t)-s{t){r'^+vm^^^o 

as t ^ ±oo. 

Since we have to extract a measurable set with positive measure because of |(a)[ Theorem 11.41 is not 
an almost sure global well-posednss result. 

We observe that thanks to s > 0 

(1-4) ||u^(0,0lk= 

for 0 < /X < 1. Roughly speaking, by the scaling which makes the initial data small enough for 
max{s, 0} < Theorem 11.41 is reduced to the small data setting. To modify randomization as in 

ED, we can treat the random data Cauchy problem. In order to employ the scaling argument, we 
assume d > 4 because d = 3 is the mass critical. Indeed, by the scaling argument ED, we can not make 
the norm ||(/>||hs small if d = 3. 

We now give a brief outline of this article. In Section [2l we collect lemmas which are used in the proof 
of our main results. In Section |3l we define the function spaces and show these properties and prove the 
main nonlinear estimates. In Section |4l we give a proof of almost sure well-posedness results. Theorems 
[rnfra In Section O we prove Theorem 11.41 
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2. The probabilistic lemmas 


Firstly, we recall the probabilistic estimate. 
Lemma 2.1 ([3]). There exists C > 0 such that 


9niu})c 


< Cy/p\\cn\\l2 


Lp(n) 


for all p > 2 and {c„} € P . 


The randomization keeps differentiability of the function. 

Lemma 2.2 ([I]). Given if G let cjT’ be its randomization defined by (HH). Then, there exist 

C,c > 0 such that 

PdirilH. > A) < Cexp 

for all X > 0. 

Let S{t) := be the linear propagator of the fourth order Schrodinger group, Namely, v{t) = S{t)4> 
solves 

{idt + A^)v = 0, v(0) = (f. 

We say that a pair (q, r) is Schrodinger admissible if 2 < g, r < oo, {q, r, d) (2, oo, 2), and 

2 d d 

q~^ r 2 

We say that a pair (g,r) is biharmonic admissible if 2 < g,r < oo, {q,r,d) (2,oo,4), and 

4 d d 

<7 r 2 

The following Strichartz estimates hold. 


Proposition 2.3 l[18jl. (1) Let {q,r) be biharmonic admissible. Then, we have 

\\sm\LiL L2. 

Let {q,f) be also biharmonic admissible and {q',r') be the pair of conjugate exponents of {q,f). 
Then, we have 


S{-t')F{t')dt 


L2(R<i) 


f S{t-t')F(t')dt' 
Jo 


<11^11 


LtLl 


lI Lf 


(2) Let (q,r) he Schrodinger admissible. Then, we have 


Let {q,f) be also Schrodinger admissible and {q',r') be the pair of conjugate exponents of {q,r). 
Then, we have 


'R<i 

ft 


S{-t')F{t')dt 

f S{t - t')F{t')dt' 

Jo 


Lli 


< |||V| 


...- 1,1 , 2 2 

< V 


^^11 




Lf 


By the randomization, improved Strichartz type estimates hold. 


Lemma 2.4. Given G let (jF be its randomization defined by m- 

(i) Let {q,r) be biharmonic admissible with q,r < oo and r < f < oo. Then, there exist (7,c > 0 
such that ^ 

^(ll'5W0‘^llL?L;(RxR‘i) > A) < Cexp 

for all X > 0. 
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(a) Let {q,r) be Schrodinger admissible with q,r < oo and r < r < oo. Then, there exist C, c > 0 
such that 

^(111^1 ’> '^) < Cexp c 2 


lL2 


for all X > 0. 

Proof. By the same argument as in [3] and [T] , it suffices to show that 

i/p 




for p > max(g,f). By the Minkowski and Bernstein inequalities, Lemma 12.11 and Proposition 12.31 we 
have 

/ \\Sit)r\\l.^.dp] <\\\\S{t)r\\LHn)L^i^.:SV^\mD-n)Sm^^ 

Jn t X j t X t X 

^ Vp II WHD - n)S{t)(j)\\Li Wl^P - Vp II Wi’iD - n)S{t)(j)\\L^^Lz\\p 

^ Vp\\\\^iD - n)S(t)(j)\\L2\\^^ - y/pU\\L^. 

Since the case (b) is similarly handled, we omit the details here. □ 


3. Nonlinear estimates 

Before showing the probabilistic nonlinear estimates, we observe some corollaries of the Strichartz 
estimates. 

Definition 3.1. We define X to be the space of the completion of S{M.xM.‘^) with respect to the following 
norm: 

l|u|U:=hllLr>Li + ll|VH| ^ ^+|||v|^u||_,_^+|||vr^||_._^ 




LfL 


r ^ r d — 46 


where 5 > Q is a small constant. We also define the space y to be the space dual to X with appropriate 

2d 4 ^ 2d 

norm. In other words, the space y is the sum of Banach spaces L^L^, L'^\S/\Lf*'^, |V| , and 

1 2d 

I whose norm is defined by the usual manner. Let s S K.. We define X® to be the space 

of eompletion o/5(]R x K.'^) with respect to the norm 


(3.1) 


|M|x 4 := ||(V)®u|U 


We note that (2, -j^), (4, and (|, are Schrodinger admissible pairs if d > 3. By Proposition 
IQ we have 


(3.2) 


\\Sit)(l)\\x < UWl^, 


S{t - t')F{t')dt' 


'0 


<\\F\\y. 




Given an interval / C M, we define by X^{I) the time restricted space of X^. Namely, 

IlMlUq/) := inf{|lu||js:» : u = u on / x R"*}. 

Put J\f{u) = d{\u\'^u). Let z{t) = z‘^{t) := S{t)(jP and v{t) = u{t) — z{t) be the linear and nonlinear 
parts of u respectively. Then, (dJ is equivalent to the following perturbed equation: 


(3.3) 


{idt + A^)u = ±J\f{v + z), 

t>(0, t) = 0 


r'(;(t) := =Fi / S{t — t')J\f{v + z){t')dt'. 


Define P by 
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To state probabilistic nonlinear estimates, we define the following norms: For an interval / C M, 

(3.4) 

Msoii) : (g,r) = (y, 3^), (|, d), (i, (i, 

+ max{|||V|iu||i«ij(^^Rd) : {q,r) = {4:,2d), {A, j^), {j^,4:d), 

(2 Ad ^/2 2d ' 1/2 d \ ! 2 2d ^/2 4d^^ 

ll-2i5> d-3+16db ll-45> d-2 b ll-4i5> BS>' ll-4i5> d-4+16(5 b ll-4d> d-l+SSlJ’ 

(3.5) 

Ms',{i) :=max{||w|li,i.(^^R.) : {q,r) = (1, ^), (f, rf), (2 ^ _ 4 ^)} 

+ max{|||V|iu||i«ij(/xR<J) : {q,r) = 

ll-3<5> d-3+16i5b li-Sdi d-2 b li_55> gdb li-Sd? d-A+lGS)' ll-5d> d-l+85lj' 

The following is the main result in this section. 

Lemma 3.2. Let d> 3, max(^^, ^^) < s < and 6 > 0 be sufficiently small depending only on d 
and s. Given (p G let cffi be its randomization defined by dO]). For R > 0, we put 

ER:={cvGn: \\cI>‘^\\h. + ||(V)^5(t)<^-||5o(R) < R}. 

Then, we have 

(3.6) IIFHI^^ 

(3.7) llTwi - rz;2||^:i^ < Ca (|ki||^^ + 1^211^^^ + ||wi - 1^211, 


d-3 

'X^~ 


for all v,vi,V 2 G X 2 and to G Er. 


Proof. We only prove (13.611 because (13.71) follows from in a similar manner. Proposition 12.31 yields that 

l|r?;||^i^ < ||(V)'^a(wiri;2W3)b 

where Wj = v or z (j = 1, 2, 3). 

We firstly note that the following facts: 

(fl) (4, ^^) is Schrodinger admissible and its dual pair is (|, ^^). 

(f2) (y, is biharmonic admissible and its dual pair is (y^, ^y^y)- 
(f3) ijS^, d-l+As ) and (y^, j__l+ 85 ) are Schrodinger admissible. 

(f4) (2, is Schrodinger admissible and its dual pair is (2, -^^). 

We use the dyadic decomposition except for the Case 1 below: 

||(V)^5(w;ii(;2W3)||y < ^ N~\\PMid{PNiWiPN2W2PN3W3)\\y- 

Ni,N2,N3,N4e2^o 


We observe elementary summation properties: For 2 < q,r < 00 


(3.8) 


Ae2«o 


WPNfW 


LtLl 


< 




Indeed, putting a := uia,yi{q,r), from the Holder and Minkowski inequalities, and the Littlewood-Paley 
theory, we obtain 


E IIPa-ZIIi;!; < E 


AG2'*o 


vAfe2«o 

\<5 , 


|II(v)^Pa/||l?ls||,,^ ^ I E ^ 

vAG2«o 


-6 


|ll(V)'PA/||i", 


N WULZ 


<ll(V)VllL?Lr- 


The second inequality follows from the L'^ boundedness of the Littlewood-Paley projection. 

Case 1: vvv case. 

This is the deterministic case and the estimate is the same as in m- But, we repeat it for completeness. 
In this case, we need not to use the dyadic decomposition. 
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Thanks to |(fl)[ the fractional Leibniz rule (see [6]), Holder’s inequality, the Sobolev embedding 
, and Proposition 12.31 yield 


d-2 2d _ _nj 

-A 


||(v)^a(uHb<ll(v)1v|5(z;H|| 4 ^ <||(V)1V|^U|| 

L^Lx^ r4ra-i 


T ^ 
J-'T: ^X 


<ll(V)^i;|UII|V|^u|| 


< 


LiL‘ 


\x^- 


Case 2: zzz case. 

Without loss of generality, we may assume Ni > N 2 > N 3 . 

Subcase 2-1: iVi ^ iV 2 > 

By Holder’s inequality, the Sobolev embedding (M'’*) ^ (R'^), and (13.8L we get 


\\PNid{PNiZPN2zPN3z)\\y < A^4|||V| '^^Pn4{PniZPn2zPn3z)\\ 


< N4\\Pn^{Pn^zPn2zPn^z) 


Y^ 1 — d d-pSd' 


< 


NaWPn^zW ^^\\Pn 2 z\\ ^^\\Pn3z\\ ^ 


for uj G E^. We note that ^ holds if d > 3 and d > 0 is sufficiently small. We have 


^ \\PN4d{PN3zPN2zPN3z)\\y < Y. 


j^-2s-2+4Sj^-sjy\^ i?3 


Ni,N2,N3,N4e2'*o 

Nir^N2>N3,N4 


Ni,N2,N3,N4G2’^0 

Ni~A2>A3,A4 


^ E 

Wie2No 


- 2 s+max(-s, 0 ) + ^^+45^3 ^ ^3 


Here, we used the assumption s > max(^^, and d > 0 is sufficiently small in the last inequality. 
Subcase 2-2: iVi - fV 4 > N 2 ,N 3 . 

By d > 3, Holder’s inequality, and (13.8p . we get 


\\PN4d{PNiZPN2zPN3Z)\\y < ||P/V4(PAr^zP/V2zP/V3 2;) 


2r,'3T3 




< \\Pn4z\\^^^p_\\Pn2z\\^i^J\Pn3z\\^i^^^ 


for Lu £ Er. We therefore have 


E “^4^ \\PN4diPNiZPN2zPN3z)\\y < 

Ni,N2,N3,N4e2^<> 

Ni~N4>N2,N3 


Ni,N2,N3,N4G2^0 

Ni~N4>N2,N3 


< 

< 


E 


^-s+max(-2s,0) + ^^+4(5^3 


Aie2«o 

R\ 


if s > max(^^, and sufficiently small d > 0. 

Case 3: vvz case. 

Without loss of generality, we assume Ni> N 2 . We further split the proof into the four subcases. 
Subcase 3-1: Ni ^ N 2 ^ N 3 ,N 4 . 
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If N 3 ^ 1, tanks to G (R"^), it is reduced to Case 1. We therefore assume N 3 ^ 1. By |(fl)[ 
(13.81) . the Sobolev embedding ^ we have 

\\PNid{PNj^vPN^vPN^z)\\y < \\Pn^{PniVPn2vPn^z)\\ 4 M 

T 3 T a+1 
-^X 

< iV4" llPAr^ull ^\\PN2v\\L*Ll4PN3z\\LiLl‘i 

^1 t X t X 

<N^N2^ II^WiUll ^\\Pn2v\\ , ^\\PN3z\\L^Ll’i 

T 4 J- d—1 r 4 J- d—1 t X 

P't P't 

< Ni\\PN3v\\x\\PN2v\\xR 


for uj G Eh. Hence, from, s > —1/2, we obtain 

^ Np^\\PNMPN3vPN2vPN3z)\\y 

-/Vi,Ar2,7V3,Ar4G2^o 

iVi ~ Ar2 ^ A^3 , iV4 

< ^ N^N-^-"^nP"\\PnM\APn 2 v\\xR 

Ni,N2,N3,N4G2^0 

Ai~A2>A3,A4 

< Nt4PN3v\U\\PN2v\\xR 

Ai,A2G2"o 

iVi ~ A /2 

<\\v\\li^R- 

X 2 


Subcase 3 - 2 : Ni ^ N3 > N2,N4. 

Thanks to d > 3, (f2)[ (f4) Holder’s inequality, 


, and the Sobolev embedding W 2 


-+2S,- 




Li-'is (R.“), we have 


\PNidiPNiVPN2uPN3z)\\y < iV4||Av4(Avl^^Av2^'Av32:) 


' ci-|-8d 


< A^ 4 ||-PAir'|| ^ 111^2 ^'ll 1 ^11^^3211 ^ d 

l 7 Lp^ LF 


12(5 1 


<N4N2^ ||Pa 4^;|| , ^|||v|^^p^,u|| 4 ^l|i"A3^ll ^ 4 

T 2 T d — 2 T o T d — 4d 7-1 — 40 7-85 


LjL 

d-2 

r —1 AT 2 I\r — s —1+4(5 


i/ LS 


' lF 


<iVr^iV2= Np 


IV 4 IIPvi u|| 11^^21^II aP 


for UJ G Eh- From (13.8|) . 


||Pv4i9(Pai'cPa2^^Pv3^)IIj' 

Ni,N2,N3,N4G2^0 

Ni~N3>N2,N4 

< Yt Nr^-^+^^N^Nfi^\\PNM\x\\PN 2 v\\xR 

Ni,N2,N3,N4G2^0 

Ni~N3>N2,N4 

Aie2«0 


if s > — 1 and 5 is sufficiently small. 
Subcase 3 - 3 : Ni ^ N4 > N2,N3 
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From p)|p)|p) 

have 


the Sobolev embedding W ^ 


‘ _1_9A 2d 




and 


> we 


\\PN4d{PNiVPN2vPN3z)\\y < \\PN4.iPNiVPN2vPNi 


II 2d 

T 2 T d+2 


< 


ll-PjVi^^ll ^ 2d ll-PjVa'i^ll 1 ^ll-PjVa^ll i 

Lx + l7 lJ^ lJ Li 


for 


to 


S Eh. Hence, thanks to (I3.8L we get 


^ t ® t ® ^ 

< iVf N^^\\PnM\Pm2v\\xR 


4 Li 


-^4 ^ II -P-Vi (P-Vi ^^PAf2 

Ni,N2,N3,N4e2'*° 

Ni^N4>N2,N3 


'p)\\y 


< 


Ni,N2,N3,N4e2'*o 

Nir.-N4>N2,N3 


E 


^ ^ ^max(-s,0) + 

7Vie2No 

<lkllt^P 

X 2 


" ’^^‘^llPAfi^^lklkll 


X'»P 


rovided that s > — ^ and <5 is sufficiently small. 
Subcase 3-4: ^ N 4 ^ Ni > A^ 2 - 

By |(f2)[ (13.81) . d > 3, and the Sobolev embedding 

\\PN4d{PNiVPN2vPN3z)\\y < \\Pn4{PNiVPn2vPn: 


• d — Siqc 2d 

w ~— 


II 2d 

r 2 r d-|-2 
4-'^ 4-/ 3 ; 


^ L3^(R'^), we have 


J^X 

llPjVinll 1 M IIPatjuII 1 M IIPatjzII 

d-3 

PnMI 


' 2 2d 

' r r d-4-f 16d 


for uj G Eh- From s > and (13.8F we obtain 


E l|PjV45(Pvi1'PAf2^PiV3^)ll>’ 

Ni,N2,N3,N4e2^° 

N3^N4>Ni>N2 


< 


E 


iv. 


-s+- 


-+45| 


PniV\\x\\Pn 2 '>j\\xR 


Ni,N 2 ,N 3 ,N 4 e 2 ’*o 

N3r^N4>Ni>N2 


^ E ^3 

Af3G2'^o 


-S+:: 


i+6<5 


Ikf ^-3P< Ikf d-aP, 

Jf 2 X 2 


provided that d > 0 is sufficiently small. 

Case 4: vzz case. 

Without loss of generality, we assume N 2 > N 3 . If 7 V 2 ~ 1 and A ^2 ^ -^3 1, it is reduced to the Case 

1 and Case 3 respectively. Hence, we also assume N 3 ^ 1. We divide the proof into the four subcases. 
Subcase 4-1: Ni ^ N 4 > N 2 > N 3 ^ 1. 
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By (f3)[ (f4) and p.8l) . we have 

\\PNid{PNxVPN2ZPN3z)\\y < \\PNAPN^vPN2Z^PN3z)\\ ^ 


r 2 r d+2 


< ^ ^ \\Pn,z\\j^^ \\Pn,z \\^ ^ 




for oj S Efi. Thanks to s > — ^ and (13.81) . we have 


i,” Lx 


^ \\PN,d{PN,vPN,zPN,z)\\y < ^ N^^\\PnM\xR 


Ni,N2,N3,N4&2^0 

Afl~W4>JV2>JV3>l 


Ni,N2,N3,N4e2^o 

Ni^N4>N2>N3-»1 


^ E E 

A^i 62*^0 


2 max( —s,0) + ^-^+4(5 


WPnMIxR^ 


if <5 > 0 is sufficiently small. 

Subcase 4-2: Ni ^ N 2 P A^ 3 ,iV 4 . 

By (fl)[ (f2) (13.8L d > 3, we have 

||^’Ar4'9(-PAfi^-f’Af2^-f’Af3^)lly ^ N4\\Pn4{PniVPn2ZPn3z) 


T 1 — 6 T ci-|-8d 
^x 


< 


NaWPnMI , ^11^^22:11 ^ 


< N, ^ ^N4\\PnM\xR^ 


for uj G Er- Thanks to s > —i, 0 < d <C 1, and (13.81) . we have 
^ Np^\\PN,d{PN,vPN2zPN3z)\\y< E 


N^s i+25^^s 


Ni,N2,N3,N4€2"o 

A^l ~ A^2 ^ A^3 ,^4 


Ni,N2,N3,N4e2^o 

Ni^N2>N3,N4 

^ E <\\v\\ 4 =aR^. 


N 4 ^ 2 ^o 


Subcase 4-3: N 2 N 4 > Ni,N 3 . 

By (f2)[ (f4) (13.8L d > 3, the Sobolev embedding IT “2 

\\PN4d{PN4vPN2zPN3z)\\y < \\Pn4{PNiVPn2zPn3z)\\ m 


2d 

^ ^3-86 


'X~ 2 - 


we have 


T 2 r d +2 
^x 


^ WPnM] ^a\\Pn2z\\ *s^\\Pn3z\\ 


Lf lS 


s T d-l-f-8d 


L * L 


<iVi= |||V| PnM\^3,^^\\Pn2z\\^^ ^,^^\\Pn3z\\^i^^ 


- T d — Ad 
-'t 




Lt Lf 


T ^ T d —1 + 86 

-E/x 


for UJ G Er. From (13.8p . we get 


E “^4^ \\PN4d{PNiVPN2zPN3z)\\y 


Ni,N2,N3,N4&2"0 

N2-^N4>Ni,N3 


< 


< 


E 

V 4 G; 

Vi.A 

^ —s+l++5i5+max( —s,0) 


-S++2+45 


Ni,N2,N3,N4G2^° 

N2^N4>Ni,N3 


N 2 & 2 ^o 


n^^WPnMxR^ 




provided that s > max(^j^, and sufficiently small <5 > 0. 
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Subcase 4-4: N 2 ^ Ni^N^. 

By (f2)[ (13.811 ■ and the Sobolev embedding 

\\PN49{PNiVPN2zPN3z)\\y < A^4 ||P/V4 (PNif-Pva || i 


^ L3^ 


, we have 


- d-f-Sd 


< N^WPnMI^i^^ WPn^zW ^ 


<N4N,^ |||Vp^PiVi^;|| 1 


<N,^ 


L * L 


-s-l+2(5 Ar-s-l+2(5 


%j d—A6 


\Pn3z\\ 


1-26 T d-3 + 166 ' 


\Pn 3 z\\ 


1-26 T d-3-f 16d 


N^^-^+'^^NiWPN^vWxR-' 


for u) S Er- We get by 


^ iV4='||PiV49(PAiTPN,^PY3^)||^ 


Ai,A2,A3,A462'^o 

N2~N3>Ni,N4 


< 


E 


||Pait|UP' 


Ni,N2,N3,N4e2^° 

A2~N3>Ai,A4 


< 


vW^d^R^ < \\v\\^d^R^, 


E ^2 

A2e2«0 

provided that s > and sufficiently small (5 > 0. □ 

Remark 3.3. From (fl) (f2) (f3)[ (f4) in the proof of Lemma l3.21 Lemma [23] implies that Er in Lemma 
satisfies the bound 

/ 71)2 

P{^1\Er) < Cexp ( —C-yyy 2 “ 


ll<^ll 




In the local in time case, that is the estimates with X 2 replaced by X 2 ((—T, T)), we can gain the 
factor r4. Indeed, for example, ||PAr3z||L4i2d, IIPatjzII ^ d,||PA 32 || i and ||PAr 3 z|| ^ 

in the Subcases 3-1, 3-2, 3-3, and 3-4 are bounded by 


Tz\\p 


N3Z\\ 


2d 


||Pjv 32 ;|| 2 d,T'^\\PN^z\\ 2 T^\\Pn3z\\ 2 2d 


l}-^” lF 

2d 


LlLi^ 


l-Sd T d-4-|-16d' 


respectively. Since (j^, d- 2 +ios ^ Schrodinger admissible pairs and (|, is a 

biharmonic admissible pair, thanks to Lemma 12.41 the above quantities are bounded by 


TZN^^R 

outside a set of probability < C'exp(—C ||^^2 )■ A similar procedure is applicable for the cases 2 and 
4 because at least one pair of the exponents of the Lebesgue norm for z is not admissible. Hence, we 
obtain Tz in the all cases, except for the case 1, in the proof of Lemma [3.21 We therefore obtain the 
following local in time estimate. 

Lemma 3.4. Let d> 3, max(^^, < s < and 6 > 0 be sufficiently small depending only on d 

and s. Given (p G let (jP he its randomization defined by (O. For R > 0, we put 

E'R:={ujGn: + ||5(t)nis'(B) < R}- 

Then, we have 


(3.9) 

(3.10) 


((-T,T)) 


+ TZR^ 


llPz;! — rn2|| d-3 \ k ^2 


< C '2 ( ||ui||^ _-I- ||U2|P ^ 


d-3 

A“2-((-T.T)) 


XT((-T,T)) 


+ T4P^ I ||ui — U 2 II d-3 


XT-((-T.T)) 


for all v,vi,V 2 G X 2 (^(^—T,T)) and R> 0, outside a set of probability < C'exp (—€ ,,^2 )■ 
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Remark 3.5. We give a similar remark as in Remark 13.31 Since (|, and (|, are biharmonic 

admissible and {jzzs, jzzrfs') ’ (, d- 2 + 6 s )^ ( i- 5 ( 5 ’ rf- 2 ^+io< 5 ) Schrodinger admissible, Lemma 

12.41 implies that in Lemma 15^ satisfies the bound 

wy<c»p(-.j|L), 


4. Proof of Theorems 11.11 J1.2I 

To use the contraction argument, we establish the almost sure local in time well-posedness and prob¬ 
abilistic small data global existence and scattering. 


Proof of Theorem 11.11 Let rj be small enough such that 
(4.1) 2C(r;2<l, 2C'r;2<i, 

where C[ and are the constants as in (13.91) and (13.101) . For any 1? > 0, we choose T = T{R) such that 

We show that F = r“ is a contraction on the ball R,, defined by 

Br, -.= {u € X^((-T,T)) : ||u||^^< v} 

outside a set of probability < C'exp(—for some 7 > 0 , which leads the almost sure local in 
time well-posedness. Put 


Ot := {a; e o : W^Wh^ + II(V)*R(l)nis'((-T.T)) < i?}, 

where the norm || • ||sJ((-t,t)) is defined by (13.51) with I = (—T, T). Lemma [TH Remark iTSl and (14.11) 
yield that 


IlFull d -3 < < 

" "x—((-T.T)) - 

IlFvi—ru 2 || d -3 < <72(277^ + Til?^)||ui — U2II d -3 < -||ui 

II _ 2V / I yii i _ ^11 

for v,Vi,V 2 £ Brj, cu G and 

1 - P(nr) < Cexp ~ Cexp 

for some 7 > 0. Setting 

E:= U 

we have P(S) = 1. This completes the proof of Theorem ll.il 


U 2 II d-3 

"XS- ((-T,T)) 


□ 


Proof of Theorem MPA Let 77 > 0 be sufficiently small such that 
( 4 . 2 ) 2 Cnf < 1 , 3^2772 < i, 

where Ci and C 2 are the constants as in (ED) and (1X71) . The probabilistic small data global existence is 
reduced to show that F = F"^ is a contraction on the ball Bn defined by 

Br^ := {u G (M) : ||u|| ^ < 77 } 

A 2 
2 

outside a set of probability < C exp(—c). Put 

11,7, := {w G n : ||(/'‘^||h« -b ||(V)®0“||so(R) < 77}, 
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where the norm || • ||so(r) is defined by (13.41) with / = M. By Lemma [3?^ Remark 1331 and (14.21) . we have 
(4.3) ||rr;|L^ < 2Cir;3 < r;, 


(4.4) 

for v,vi,V 2 S Brj, 10 € and 


IlLrii -ri;2|LiL;^ < 3(7277 lliii -17211 < 17II771 -v^W 

yi. 2 2 2 


1 — P{fl^) < (7 exp I —c 






Next, we prove probabilistic small data scattering. Fix (o G and let u = u{e,io) be the global in 
time solution with u(0,a:) = (j)^{x) constructed above. Set z^{t) = S{t)(jP and v{t) = u{t) — z(t). To 
show scattering, we need to prove that there exists G such that 

S(—t)v(t) = ^i f S{—t')M{v + z){t')dt' ^ v‘!^ 

Jo 


• TT— _ - 

in B 2 


as t —>■ oc. Proposition 12.31 and Lemma [3?2l implies 


S{—t')J\f{v + z){t')dt' 


d-3 


< ||(V)P^Af(v + z)||y < Cl +p) 


for w G which shows that the existence of the limit of S{—t)v{t) in H 2 
negative time direction deduces from the same manner. 


as t —>■ 00 . The 
□ 


Remark 4.1. To get almost sure small data global well-posedness and scattering, we employ the same 
argument as in the end of the proof of Theorem 11.11 Let 77 be small as above. Replacing (p in the proof 
of Theorem 11.21 with for 0 < e <C 1, we define 

L!, := {07 G L! : e||r + e||(V)^niso(R) < 7}- 
Then, Lemma 1531 Remark 331 and (14.21) yield (14.31) and (14.41) for v,vi,V 2 G B^j, 10 G n\Q^, and 

r.2 


1 — P{^e) < C exp —c 


T 


's^cpr 




Putting 

we have P(S) = 1 . 


s := y nx, 


nGN 


5. Proof of Theorem 11.41 
We consider the scaled equation instead of mi- 


(5.1) 


{idt + A^)u^ = ±i9(|m^Pm^), 
Up.iO,x) = 


where {(jP'^)fi{x) = /i We write as for short. Putting the linear and nonlinear 

parts of Ufj, by z^(t) = z‘^{t) := and v^{t) = u^{t) — respectively, we reduce (15.11) to 

( {idt + A^)w^ = ±(|77^ + z^\'^{v^ + z^), 

1 u^(0,a:) = 0. 


(5.2) 

Define T^ by 


r^w^(t) :=Ti f S{t-t')J\f{Vfj,+Zf_t){t')dt'. 
Jo 


We show that for every e > 0 there exists /xq = Ho{s, IPUhO > 0 such that for 71 G (0, 7 x 0 ) the estimates 

+ P) , 

3 + + P) IP^.i - 'T'm.zIL 


(5.3) 


<Ci ( 

CO ^ 

(5.4) 

l|r^77^,i -ru^, 2 iyi^ 

<C2( 

IPm.iIP 


'X" 
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for all Vfj^, G Xq ^ , outside a set of probability < e, where r] satisfies (IQ) . From 

X[tlj{D - n)^^](C) = '0(C - n)T[(l)fj]{0 = V'(C - T[cj)\{fj.^) = X[{tp>^{D - /in)0)^](^), 

we get 

( 5 - 5 ) 9niu;)^iD - n)(j)^. 

neZ ‘1 


In addiction, a simple calculation shows 

Given 77 as in (14.21) and /i > 0, we define by 


:= {01 e fl : + ||(V)'* 5 (f)</>-’^||s„(K) < 77}, 

where the norm || • ||so(k) is defined by (13.41) with I = R. Lemma (fl) (f2) (f3)[ (f4)[ (II.4p . and (15.51) 
yield 

1 — < C exp [ —c 


'll'/', 




< C exp ( —c , „ 

— ^ ' ^ct—c> —zmax 




for 0 < /r < 1. By setting 


we have 




ll'/'llff'>(-loge)2 


1 -P(L!^) <e 

for 77 G (0,/j.o). The same argument as in the proof of Lemma |3.21 whose v and z are replaced with 
and Zf_i respectively, shows that the desired estimates (15.311 and (15.4p . By repeating the proof of Theorem 
o we obtain Theorem 11.41 
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